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Instability of Hall MHD Generators to Magneto-Acoustic Waves

Frank J. Fispman*
Avco Everett Research Laboratory, Everett, Mass.

It is known that magneto-acoustic waves propagating antiparallel to a steady electric cur-
rent in a dense, weakly ionized gas may exhibit substantial growth. In this paper, the sta-
bility of a Hall MHD generator with supersonic flow to disturbances of this type is assessed.
A proper boundary-value problem for an unsteady, one-dimensional model of such a gen-
erator is solved, with full consideration of the load circuit, which may serve as a feedback path
for wave energy. It is shown that this feedback may lead to instabilities even under condi-
tions such that the wave growth (as evaluated by earlier investigations) is slow. Disturbances
with a period comparable to the flow time (channel length/fluid velocity) are the principal
contributors to the instability; the spatial variation of these disturbances are far from sinus-
oidal. The control of machine instabilities by electrical filters in the external (load) circuit

is described.

Introduction

AGNETO-acoustic waves, propagating pressure fluctu-
ations which in the limit of small MHD interaction
become normal acoustic waves, may exhibit growth in
dense, weakly ionized plasmas with strong electric currents
and magnetic fields. Perturbation currents interacting with
the magnetic field, when preperly phased with the pressure
fluctuations, lead to growth. Velikhov first called attention
to the possible importance of such waves for MHD electric
power generators and discussed a growth mechanism in-
volving perturbation currents due to fluctuations of the Hall
parameter with density fluctuations.! MecCune generalized
the concept to include fluctuations of all plasmas properties
which depend on the thermodynamic properties of the gas,
and noted that in many circumstances conductivity fluctua-
tions may provide the dominant mechanism of wave growth.?
Recognizing that conditions in Hall MHD generators were
especially favorable to growth of axial waves of this type,
Locke and McCune examined wave growth under plasma
conditions appropriate to such machines and attempted to
estimate the effects of the axial plasma inhomogeneities that
exist in useful generators.® More recently, Powers and
Dicks have published somewhat more refined calculations of
axial wave growth in the segmented diagonal connected
generator (which includes the Hall generator as a special
case) and have emphasized the possible growth of the entropy
wave.4
The works cited here are inadequate to assess Hall gen-
erator stability on two grounds. The more basic of the two
is that these authors only treated wave growth in an essen-
tially infinite medium. Although it seems clear that a mech-
anism of wave growth is a necessary condition of over-all
machine instability, there is no easy way to estimate what
growth rate will lead to instability. This quantitative
question certainly depends on the nature of the generator
load ecircuit, which may serve as a feedback path for wave
energy, allowing continued growth even for slowly growing
waves. An assessment of the stability of a finite machine
. calls for the solution of a proper boundary-value problem,
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including a correct treatment of the load circuit, rather than
the simple determination of the unbounded plasma eigen-
functions. MecCune has treated the effects of boundaries
and load connection for transverse waves in a Faraday gen-
erator.® The linearized boundary-value problem for axial,
magneto-acoustic disturbances in Hall generators with
supersonic flow is the subject of this paper. It should be
noted that in this paper “boundary’’ refers to the entrance or
exit condition; the side wall “boundaries” are treated (or

“neglected) in the same way as in other channel flow calcula-

tions.

The other shortcoming of previous studies has been their
limitation to short wavelength (high-frequency) disturbances.
The present work, which is valid for arbitrarily low fre-
quencies, indicates that disturbances with period com-
parable to the flow time (channel length/fluid velocity)
generally are the most liable to lead to instability. In a Hall
generator with significant MHD interaction, the spatial
variation of these waves does not permit WKB-type treat-
ments.* The axial variations of plasma velocity and thermo-
dynamic properties inherent in the steady generator flow
must be treated correctly, for they may dominate the growth
of the important low-frequency waves.

The procedure adopted in the present work is as follows.
The general equations describing time-dependent channel
flow are written down. The steady solution of these equa-
tions, corresponding to the usual Hall generator channel
flow, is determined. The equations describing small time-
dependent departures from this solution are derived. Be-
cause of the prescribed linear nature of these equations, a
complex exponential time dependence of the solution may be
assumed; a similar spatial dependence is not permitted be-
cause the coefficients appearing in the equations have a spatial
dependence prescribed by the steady solution. The resulting
ordinary linear differential equations are solved subject to
the appropriate boundary conditions to determine the spatial
dependence of the perturbation. The axial electric field
thus determined is integrated over the channel length to find
the perturbation Hall voltage. The ratio of this voltage
to the perturbation axial current is the external load im-
pedance at the assumed frequency that will lead to the
assumed time dependence. Thus, the time dependence of a
disturbance in a channel with fixed external connections is
indirectly calculated. This indirect calculation is relatively
convenient since the primary object is to determine stability:
stability is assured if the load circuit that corresponds to a
purely periodic disturbance requires active elements (energy
sources).
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Method of Analysis

The equations of unsteady magnetohydrodynamic channel
flow are

A(0p/0t) + (0/0z)(pud) = 0 @
pl[(0/08) 4 u(0/0x)u + (Op/0x) + j.B = 0 )

pl(0/0t) + u(0/a2)1(h + w?/2) — (dp/ot) =
JEz + j.E.  (3)

where viscosity and heat conductivity have been neglected.
It is assumed that the channel cross-sectional area A may be
a slowly varying function of the axial coordinate z but is
time independent. The magnetic field B is constant and
normal to x and z. The flow variables, axial velocity u,
density p, pressure p, enthalpy A, along with the current
density j, and electric field E may be arbitrary functions of
both 2 and ¢. These quasi-one-dimensional equations are
valid for all axial disturbances in channels of length L much
greater than a typical diameter (~A'2). Further, all dis-
turbances of frequencies sufficiently low that their char-
acteristic dimension is large compared to this diameter must
be essentially axial and hence correctly described by these
equations. The relevant Ohm’s law is

e = a(ph)Es + wrp,h)j: 4
.jz = a(p,h) (Ez + uB) - wr(p,h)jz (5)

where the conductivity ¢ and Hall parameter wr are taken
as general functions of the state parameters p and h. Max-
well’s equations require that the current density field be
solenoidal and the electric field irrotational. For a Hall
generator, the solenoidal nature of the current is simply
expressed by the uniformity of the total axial current J (¢)

SO = A@)j.(,t) (6)

where j,(z,t) is the axial current density averaged over the
channel section. It is here assumed that the electric field
E is a funection of z and ¢ alone; this is compatible with the
field’s necessary irrotational nature if either 1) the transverse
field E, is small (we assume F, = 0) or 2) this field varies
only slowly with . In an ideal Hall generator, the trans-
verse field vanishes identically, but in order to apply analyses
of the present type to certain small experimental generators,
it is necessary to allow for the effect of electrode voltage
drop, which leads to transverse fields in the core of the gas.

The model of electrode drop adopted here is that there is
a fixed voltage drop V. that always opposes current flow
from the electrodes, and that when the net electromotive
foree across the channel is less than V., no current flows.
This model, along with Ohm’s law yields the following pre-
seription for the transverse field:

V1'>Ve'—)Ez= _Ve/d
Vi < V. B = —uB + wrJ /oA @
Vi<_Ve_)Ez=Ve/d

where d(z) is the height of the channel in the u X B direction
and
Vi= uB — wrJ/cd)d ®)

Thus, condition 1 previous is satisfied if V. < uBd, whereas
condition 2 is satisfied at low frequencies in any event.
Equations (4-7), can be used to eliminate the fields and
current densities from Eqs. (1-3). If the pressure is elimi-
nated from these by an equation of state of the form p =
p(p,h) there remains a system of three first-order equations
involving the dependent variables u, p, h, A,J. These equa-
tions describe both the steady flow and the perturbation or
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stability analysis. These descriptions may be formally
separated by assuming all variables have the form of a sum of
a time independent part and a small part that is periodie in
time, viz.,

J(@) = Jo(l + eet?)

w(z,f) = w(x) + eus(r)et
9
p(xl) = pu(x) + eps(x)eiet

hzt) = h(z) + ehsla)eiet

where the linearization parameter € is an arbitrary but small
number. It should be emphasized that the x dependence of
both the steady flow and the perturbation remain general;
there is no assumption of a propagation constant or “dis-
persion relation.” It is convenient to define the quantities
Ao = A(0), uo = w(0), po = p1(0), ho = 21(0), g0 = a(po,h),
wrg = wr{po,he) and use these to normalize the quantities
appearing in the equations, namely a = A/A,, v1 = /U,
Uy = u2/uo, n = PI/PO; Ty = P2/Po, 0 = h1/ho, 0r = ha/ho,
£ = 2/L,and w = wL/u,. The interaction parameter S =
ooLB?%/pyuy and the inlet loading parameter oy = wredo/
oodoticB emerge as fundamental parameters from this nor-
malization. Requiring that the dynamic equations hold
separately for terms of order € and €' leads to the separation
into steady and stability analyses, respectively. The steady-
flow equations are

(d/d8) (rma) = 0 (10)
do 1 0pdn  h Op dbh _
M ge e e T et o g~ o¥ (4D
(ho/ue®) (d61/dE) + vi(du/dE) = ST 12
where
Vi>Veos = — Do+ 2 Ve—l— T
i e 1= 001 UOU/()Bd aow‘roll
I = @1————_‘_‘07120—920_2%)_
S o1 wTed no wro \ * uBd

-1_ 2 Ve g — Ve :I
rw: oo uBd \' uoBd
[Vi < Ve— ¢ = 0, Ty = (ao*/ wre®)ritn

The perturbation equations are

dvs dry e do

T1d—£+01—d£—— " —dEvZ
dvs 1 bp ﬁ Mo bp af. _

. v dn
— (’L’w - —E '@) 7o (13)

Mg £ e op dE T pust Oh dE
. dvy dv  po O'podn
—<zwr1 +n 773?) Vo <vl it -+ us? op® dE }
S p dO\ (ﬂ O dn
U2 Opdh dt | w2 Opdh dE
h02 0272 d01

2 o E?) b+ Sye (14)

ho d01 d111
BT )”2 -

L h_ d0y
U1 uo2 dé

Tﬂ)lqu Dp

w h (1 %
w (1 - ah)oz+sr2 (15)
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Fig.1 Complex perturbation impedance for idealized Hall
generator. (The solid eurve is the impedance locus for a
periodic disturbance with disturbance angular frequency
as the parameter. The dashed curves are for disturbances
that have growth and decay times about 20 times the gas
flow time. Impedance in the right half plane can be
synthesized with passive elements.)

where

0 0
V5>Ve-+¢2=—ﬂv2— ﬂivl_&l
oo oo Op oo Op

Ve 29T N (T 20,

wBd 24} wro Op W1 ) T2 . bh
ﬂ 5_0' Ve — ho Qwr
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g Owr 1+ on® p 00
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1
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Because of the normalization, the boundary conditions for
the steady flow are simply

01=7’1=01=1&t£=0 (16)

For steady flows that are everywhere supersonic, no hydro-
dynamic disturbance can propagate to the channel entrance
from downstream regions. Then for such flows the boundary
conditions for the stability analysis are

ve=1r=0=0atf=0 an

a0<00>21+w712 hy 00 +ﬁ°_w7<,,l_ 2_Ve)+
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where such essentially spurious effects as unsteadiness in the
gas supply have been neglected. These conditions do not
mean that there is no disturbance at the inlet, but only that
that part of the disturbance that propagates through the
load circuit (i.e., electric current and field) can be there.
The boundary conditions for subsonic flow are more subtle
and not discussed here.

The generator terminal (Hall) voltage, and hence the
external impedance Z, is determined by integrating the axial
electrical field over the length of the machine; i.e., for
0 < £ < 1. This field may be expressed in terms of the
solution of Egs. (10-15) by means of Ohm’s law. Separating
as before the steady and perturbation contributions, one
obtains

Vi>Ve'—)

dZ. wro2ll l: go 1 + wr?
— gy O

— = 10y +
df (XoO’vo gy To?

2
V| < V.~ 2, _ o'l I:— 20 ?rm] (18)
1

df C(oO'vo (.07'02
zy _ el [on P Owr
Vi> Ve~ dé 0oy {wro ? [w'ro dp

2

v — T 200 2 L, ) + ao<i°> X
uoBd 01 WTo g1
1—|—w712 Po Do':l [ﬂ?ﬂ( _ Ve
r o 2 wTy Oh ! ugBd
21 2 hy O
90y T 9T ) 4 g () 9T T ,,] 6 —
(.L’T()2 (1] bh

oo 1 + wr? }
b

o en
de O.)TOZL gg M1
|V1I < Ve_> dE - ao(Tvo {ao 01 wToz
%o p 00 o G I 00,
[0’1 (2] bp 7'2+ o1 Oy oh 02 I:I} (19)

where Z; is the ratio of the steady voltage to the steady cur-
rent Jy, and Zs is the ratio of the perturbation voltage to the
perturbation current. Should V; < —V, at some station
in the machine, the transverse current changes sign and that
section of the machine becomes an accelerator rather than
3 generator. The formal expressions for the ¥’s, I's, and
Z’s are the same as for the case V; > V., except that V, is
replaced with its negative.

The eight ordinary differential Eqs. (10~17) are a complete
description of both the steady behavior of the channel and
its stability against axial magneto-acoustic waves. It may
be noted that these equations separate in groups so that it
is possible to determine the steady behavior from the solution
of Egs. (10-12) first and then use these results for the co-
efficients in the dynamical perturbation Eqs. (13-15), and
finally evaluate the integrals implied in Eq. (17) to answer
the stability question. However, Eqs. (13-15) require
numerical treatment so that it is more convenient to solve
all eight equations simultaneously.

Besides the parameters S and a,, and the specification of
the inlet gas state, the equations involve a number of coeffi-
cients which describe the plasma. These ineclude the 5
independent first- and second-order derivatives of the pressure
with respect to the state variables, and the conductivity and
Hall parameter and their first derivatives. It isalso necessary
to specify the channel core area a(£) and the electrode drop
parameter V./uBd(£). A computer program has been de-
veloped that has among its inputs eleven two-dimensional
tables for the plasma properties and a one-dimensional table
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for a(§); it was assumed d o« o2, This program may be
used to predict the stability of specific Hall generators with
respect to axial magneto-acoustic waves. Two examples of
this use are discussed under the heading “Specific Machines
Under Various Loads.” Before those results are presented,
the application of the method to a general class of somewhat
idealized generators is considered.

Idealized Stability Map

The very specificality of the treatment described here, al-
though necessary to provide realistic stability estimates, causes
the treatment to be a poor vehicle for revealing any general
insights into the nature of the possible instability and the
isolation of the most relevant factors leading to instability.
Certain simplifying assumptions facilitate the generation of
surveyable results.

For an ideal gas with constant heat capacities, the equa-
tion of state is

p = [(v — 1)/vIph (20a)

where v is the ratio of heat capacities. For this gas, the five
two-dimensional tables of pressure derivatives may be re-
placed with simple analytical expressions involving the
single parameter . The electrical transport properties of
a number of gases may be approximated by the expressions

o = aolh/ho)¥ (20b)
wr = wro(pe/p) (20c)

Making these assumptions leads to the replacement of six
two-dimensional tables with analytic expressions involving
only the parameter N. The only inlet conditions that need
be specified are uoho 12, wro, oo, and S. In place of uehe™/2,
it is convenient to introduce the entrance Mach number
Mo = uo[(y — 1)ho]7H2

The stability caleulation yet requires the specifications
of the core area a(£). Rather than choosing an arbitrary
but fixed area contour that would result in different gradients
of the steady flow variables for different values of S (and the
other input parameters), and no doubt lead to quite poor
generator design for some 8 values, the values of a(f) were
chosen such that the enthalpy of the steady flow was uniform,
ie.,

6 =1 (21)

for all cases considered. This is accomplished by setting
d6,/dt = 0 in Eqgs. (11) and (12), solving them for r; and
v, and computing a() from Eq. (10). This particular
choice was made, because [with Eq. (20)] it leads to a con-
stant loading parameter and approximately constant electri-
cal efficiency throughout the channel. Since the enthalpy
of the gas does not change, any electrical energy delivered
to the load must be extracted from the kinetic energy of the
gas. Defining n as the ratio of the power delivered to the
load to total energy flux in the flow at the channel entrance
yields for this case

= (ue® — u;%)/(2ho + ue% (22)

where uy is the gas speed at the channel exit.

The equations have been solved and the perturbation
impedance Zs computed for a spectrum of input parameters.
Typical results for the impedance are plotted in Fig. 1. The
solid curve is the locus of the complex impedance consistent
with a perturbation of (real) frequency w as w varies from
0 to 10 ug/L. All impedances in the right half plane can be
synthesized with passive elements, but active elements
(energy sources) are required in the left half plane. Thus,
this particular generator is absolutely stable against both
extremely low- and high-frequency perturbations of this
type, since to simply maintain such a perturbation without
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growth requires an active element in the external circuit.
However, for angular frequencies w such that 1.4(u/L) <
w < 2.1(ug/L) this generator may be either stable or un-
stable, depending on the nature of the external circuit. If
the load impedance at the frequency in question lies inside
the spiral locus the system will be unstable, whereas it will be
stable for load impedances outside. This interpretation may
be confirmed and an estimate of the growth rate of the in-
stability obtained by redoing the calculation for perturba-
tions that grow or decay; i.e., for complex values of w. The
dashed curves of Fig. 1 are the result of such a caleulation.
The curve inside the solid spiral has a negative imaginary
part and hence corresponds to a growing disturbance, whereas
that outside represents a decaying one. Thus, if the ex-
ternal impedance coincides with a point on the inner curve
at a particular frequency, a disturbance of this frequency will
grow with a characteristic growth time of 20 flow times.
Although this growth is slow compared to the flow time or dis-
turbance frequency, it is of course extremely rapid on the
time scale of most practical applications of magnetohydro-
dynamic generators.

The general scale of impedance curves such as Fig. 1 in-
creases with the machine length as measured by S or equiva-
lently 5. Sufficiently short machines are absolutely stable.
If the machine discussed in Fig. 1 were shortened so that
7 = 0.070 the solid curve would be tangent to the imaginary
axis; this would then be the highest value of % (i.e., largest
machine) for which a generator of this description is absolutely
stable. Similar calculations for various values of ay, 7, and
N lead to the stability map presented in Fig. 2, where the
maximum value of 7 for which a constant enthalpy generator
is absolutely stable is plotted as a funetion of the load param-
eter «. The increased tendency toward instability as a
increases is primarily a reflection of the lowering of the power
density as « increases towards o = 0.9 (at which value the
power density vanishes for wr = 3), so that the generator
must become physically longer to generate the same power.
The maximum stable 1 generally slightly more than-doubles
as N is decreased from 8 to 4, suggesting that the fluctuations
of conduetivity with enthalpy are the dominant mechanism
of instability in this region. The specific heat ratio v (or
better v — 1) also seems to have an important influence on
stability, though not as strong as N. A few calculations at
other values of the inlet Mach number and Hall parameter
not plotted here suggest that stability is less sensitive to
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Fig. 3 Absolute stability map for idealized generator:
critical interaction parameter vs load parameter.

these inlet conditions than it is to the plasma properties v
and N. It may be noted that, typically, instabilities may
develop in generators that extract about 109 of the thermal
flux.

The instability possible above the curve for vy = 1.1, N =
4, o < 0.7 is somewhat different than that possible above the
other curves in that it is an instability at very low frequencies
(especially 0) rather than over a limited resonant band
bounded away from zero. This result may be interpreted
as a positive slope to the generator voltage-current curve, or
a negative internal resistance of the zero frequency Thevenin
equivalent circuit. Actual instability still depends on the
relation between this resistance and the internal load, but at
zero frequency the external load is specified by the operating
condition, and is proportional to Z; [Eq. (18)]. Thus, actual
instability results if Z; — Z:(w = 0) < 0.

If instead of the maximum value of » for which these ma-
chines are absolutely stable, the largest value of the inter-
action parameter for absolute stability, S.. is plotted, the
somewhat more orderly Fig. 3 is obtained. An examination
of this figure reveals that S., is closely proportional to (y —
1)~1, and indeed, except for the degenerate case of y = 1.1
and N = 4 discussed above, all of the data represented on
this figure can be represented by the correlation formula

Ser =~ 0.8a/N(y — 1) (23)

within about 109%. It must be emphasized that this is
purely an empirical relation based on Fig. 3, and no claim is
made for its validity outside of the range of parameters con-
sidered in that data. In particular, the dependence on « is
rather suspect, since even over the very limited variation of
a considered in Fig. 3, the curvature of S., vs « is evident.
It is expected that the coefficient 0.8 varies significantly with
Mo. Much variation with wro is not expected however, since
an examination of Eqs. (10-17) reveals that w7, enters only
in the combination (1 + wmi?)/w7e? and since wry > w7, this
combination cannot vary much even for wre only modestly
greater than unity.

The very features that permit the present analysis to be
used to evaluate over-all machine stability make it quite
difficult to seek out a justification for the success of correla-
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tion (23), these features being the treatment of a proper
boundary-value problem and the integration over the entire
machine, taking into account the varying gradients and
parameters. A detailed comparison of the cases v = 1.1,
N = 8withy = 1.2, N = 4 at « = 0.6 is suggestive, how-
ever. Under conditions (21), Eqs. (10-12) are independent
of N and only weakly dependent on v (i.e., v rather v — 1 is
involved, so that the 2 cases compared here differ by 109,),
s0 that the equilibrium conditions and gradients on a distance
scale normalized by S are essentially the same for these two
cases. Under these conditions, the perturbation growth
as measured by any of the quantities [vg|, |2}, or 8] (y — 1)1
on this same scale are essentially the same for the two cases.
It must be noted here that this remark does not justify the
adiabatic approximation of primitive wave-growth theories
which assume v, >~ 7M1, 0, >~ (v — 1)r, appropriate for
an up-stream acoustic wave in the absence of magnetohydro-
dynamic interaction and gradient effects. Indeed, for this
particular case, |6 ~ 7(y — 1) |ro| and |oo| ~ 4My~1r,).
Further, even the relative importance of the various terms
contributing to perturbation growth varies substantially with
position (£), with the gradient terms dominating at the exit.
Thus, all that can be said presently toward understanding
correlation (23) is that conductivity fluctuations are the
principal mechanism of perturbation growth in the range of
parameters considered, and that the enthalpy fluctuations
appear to be proportional to ¥y — 1, so that S,, « N7i(y —
1)1 It is not to be expected that this simple correlation
could embrace situations with very different equilibrium
flows, or cases where the principal mechanism of perturbation
growth was not conductivity fluctuations (if any such can
lead to instability). The specific caleulations reported in the
next section also shed some oblique light on this point.

A comparison of the order of magnitude of the critical inter-
action parameter computed by the present theory with earlier
wave growth caleulations is instructive. The most direct
comparison is with the work of Locke and MeCune,® who
plot the wave growth rate normalized by the interaction
parameter for the fastest growing wave mode (the stow down-
stream wave) as a function of y for N = 10, « = 0.75, and
My = 3, values that are close to those for which correlation
(23) was observed to hold. Assuming that this correlation
is approximately correct for these slightly different values
yields values of the exponential growth rate k.L, varying
from 0.6 to 1.8 at the critical interaction parameter as y — 1
varies from 0.1 to 0.6. Although the limitations of the wave
growth theory, especially the fact that it is limited to short
wavelengths whereas the wavelength of the disturbance that
contributes most critically to the instability characterized
by correlation (23) is of the order of the machine length, in-
validate any more detailed conelusions, it seems reasonable
to conclude that wave growth rates of the order of unity are
enough to lead to machine instability. The physical inter-
pretation is that the load feed-back path permits continual
growth that is not terminated when an individual wave
packet is convected from the channel.

Specific Machines under Various Loads

Although stability maps of the type discussed previously do
give at least an approximate indication of the possibility of
instability for generators that approach the model implied by
Eqgs. (20) and (21), other types of machines may present rather
different characteristics, and resort must be made to the gen-
eral apparatus of Eqgs. (10-17). To illustrate, calculations
specific to the mathematic models of two particular machines
are presented. The first is the Aveo Everett Mark IT combus-
tion driven experimental facility whose operation and model
is reported in Ref. 6. Electrical power output of about 1
Mw at a thermal heat flux of about 30 Mw have been achieved.
A one-dimensional flow model with suitable allowance for
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electrode voltage drop and a self-consistent boundary-layer
calculation has been shown to be in good agreement with the
experiments at typical operating conditions. The core area
calculated by this model, along with the results of thermo-
dynamic equilibrium caleulations for the appropriate com-
bustion products, have been used as inputs to the present
stability calculations; perturbation impedance plots are
presented in Fig. 4. The results for three different values of
steady current J, are presented and distinguished in the
figure by the load resistance that corresponds to each current;
they range from the lightly loaded 3.6Q case to a 13Q case,
which corresponds about to maximum power operation. A
wide margin of absolute stability is indicated for each case,
‘1.e., all points lie far into the active load zone.

It is instructive to attempt to locate these results on Figs.
2 and 3. Such an attempt is reasonable since this machine
was indeed designed to have only small gradients in enthalpy
and loading parameter; for the 9Q load the model predicts a
5%, rise in enthalpy-and an 189, decrease in load parameter
over the length of the channel. The equilibrium calculation
for the appropriate combustion products indicates that
Eqs. (20b, ¢) are indeed a good approximation for this case with
N = 4. The derivatives of pressure with the state variables
are not completely consistent with those implied by Eq.
(20a) for any value of v, as they imply a weaker but higher-
order dependence of p on h. However, if the gas is modeled
by an ideal gas with temperature-dependent heat capacities,
the calculated derivatives imply a (local) heat capacity ratio
v =~ 1.12. The initial loading parameter for the 9Q case is
ag = 0.743, falling to o = 0.62 at the exit. If 5 is evaluated
as the ratio of the total change in energy flux in the core to
the input flux a value = 0.05 is obtained. (Not all of the
energy extracted from the core is available as electrical out-
put, but some is lost through the electrode drop mecha-
nism.) Locating this operating point on Fig. 2 suggests that
this machine has a wide margin of stability, in agreement
with the specifie calculation represented by Fig. 4.

The interaction parameter of this model generator is S =
0.88. Simply locating this point on Fig. 3 would leave con-
siderable doubt as to the stability of the generator, con-
sidering the uncertainties in v and the effective value of «.
It is strongly suggested that were the gas somewhat different,
having a higher value of N or +y, the possibility of instability
would be easily reached, as opposed to the suggestion of Fig.
2. However, there is no direct contradiction, either for the
specific case under consideration, which is uncontroversially
stable by Fig. 4, or for somewhat modified machines, since
the relation between 7 and S depends on v, oy, N, as well as
channel contour and electrode drop, among other param-
eters. Perhaps the wisest conclusion that ean be drawn
from this near contradiction is that Figs. 2 and 3 must be
used with caution, even for machine designs that diverge
from the idealizations [e.g., Egs. (20) and (21), V./usBd <
1] on which they were based by relatively small amounts.

The second example presented here is related to the Avco
Everett high interaction inert gas generator and analytical
model reported in Ref. 7. A de facto degradation of Hall
parameter had to be introduced into the model to obtain
approximate agreement with experiment; that degradation
factor was not adopted in the present analysis of the model’s
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Fig. 4 Complex perturbation impedance for the Mark II
combustion-driven Hall generator at 3 loads.
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Fig. 5 Complex perturbation impedance for the high-
interaction Hall generator at 5 loads.

stability. This model has a relatively high interaction
parameter S = 1.25 and the design tended toward constant
velocity rather than constant enthalpy. In the particular
configuration analyzed electrode-drop phenomensa are quite
significant, with V./ueBd =20.7. Under these conditions, the
enthalpy can vary by 259, through the machine and the
loading parameter varies widely. A number of different
loading conditions were studied, ranging from over-all short-
circuit to a case loaded so heavily that the machine would
certainly stall. In the latter case, the loading parameter
varied from ap = 0.12 to a = 0.6, and the transverse current
decayed monotonically to zero. In the short-circuit case,
the loading parameter varies from o = 0.14 to @ = 1.7, and
three regions can be distinguished within the machine; an in-
itial generator portion which powers an exit accelerator region,
which is separated from the generator by an idling regioning
which the electrode drop prevents sensible transverse currents
of either sign. The perturbation impedance plot for five differ-
ent loadings are presented in Fig. 5. The various curves are
labeled not only with the load resistance, but also with the
calculated ratio of the electrical output to the input thermal
flux; because of the high electrode drop, values of » calcu-
lated from the change of core energy flux would be sub-
stantially larger, ranging upward to 15%, for the most heavily
loaded case. Also indicated along the curves is the perturba-
tion frequency in KHz.

The most striking aspect of Fig, 5 is that this model is
subject to potential instability at both low and very high
loading levels, but absolutely stable at a certain intermediate
level. It would be very difficult to prediet this behavior solely
on the basis of Fig. 2 or 3: even a qualitative understanding
requires cognizance of the three regions noted previously in the
short-circuited case. For all of the cases presented here, the
perturbation growth over the initial generator region is
essentially the same. This region fills the heavily loaded
machine. In this case, the perturbation grows essentially
exponentially throughout the channel, attaining a substantial
magnitude at the exit, resulting in possible instability under
unfavorable frequency-phase circumstances. However, as
the loading is decreased an idling region moves up the ma-
chine from the exit; in this region the perturbation does not
grow but decays slowly instead. In the 9Q case, this region
occupies the final 209 of the channel and perturbations
sufficiently large to lead to instability do not occur. At loads
of 6Q or less an accelerator region appears at the channel
exit; in such regions the nature of the perturbation changes
rapidly, with a strong tendency toward instability evident.
In circumstances such as these, an over-all stability assess-
ment clearly requires an integration over the full channel,
such as provided by the present formalism.
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Notice also that the load resistances are generally much
smaller than the magnitude of the perturbation impedances
plotted in Fig. 5. In particular, for the four cases indicating
potential instability, the load resistances lie inside the
perturbation impedance spiral. Thus, if the machine is
terminated with a simple resistance, the generator should
actually be unstable for the loads that are indicated as being
potentially unstable in this illustration.

Stabilization

A careful distinetion has been made between absolute
stability and stability that depends on the load circuit. The
present results suggest that any generator can be made
stable against magneto-acoustic waves by the insertion of an
appropriate filter in the load circuit. A sufficient (it is more
restrictive than necessary) design criteria for a stabilizing
filter, in terms of perturbation impedance charts like Figs.
1, 4, and 5, is that the load impedance lies outside of the per-
turbation impedance locus for all frequencies for which the
real part of the perturbation is positive, and that the load
impedance corresponds to the loading condition at zero fre-
quency. One sueh filter is a sufficiently large pure inductor
in series connection with the loading resistor. For example,
the machine discussed by Fig. 5 can be stabilized at all loads
less than 149 (the entire useful range) by connecting a 15 mh
inductance in series with the load. Then, for frequencies
above 2000 Hz, the load reactance will be greater than 190Q
and hence outside the region of perfurbation growth. More
sophisticated filter design permits stabilization with elements
of lower Q.

One apparent exception to the theorem that all machines
can be stabilized is any generator that exhibits instability at
zero frequency with Z; — Zy(w = 0) < 0. However, since
any generator must be characterized by a positive short-
circuit current and open-circuit voltage, for any given load
resistance, there must be at least one operating point where
the generator voltage-current characteristic is negative, so
that Z; — Zx(w = 0) > 0, and the machine is stable. In a
sense then, the zero frequency instability is an artifact of the
calculation scheme that has a, as an input parameter, rather
than the physical parameter load resistance.

One circumstance might exist in which stabilization at-
tempts by load impedance control would be ineffective. It
is possible that a disturbance injected at the channel entrance
could grow so rapidly that it could become large enough to
effect generator performance seriously before it was swept
from the machine or controlled by a suitably filtered feedback
signal through the load. The present analysis which assumes
linear, basically continuous wave phenomena, is not ap-
propriate for the discussion of such single pass disturbances.

As a filter in the load circuit may be used to stabilize an
otherwise unstable generator, so too may a filter be used to
promote the growth of a disturbance of a particular fre-
quency in any generator that is not absolutely stable at that
frequency. The present linear theory describes the initial
growth rate of all disturbances, but unfortunately cannot
describe the ultimate flow in an unstable generator, nor even
suggest the nature of the nonlinearity that limits disturbance
growth. Thus, it provides no predictions as to whether these
instabilities can become a useful source of a.c. power. For
the same reason, the diagnosis of an experiment possibly
subject to these instabilities is less than certain.

Comparison with Experiment

No experiments have been designed explicitly to confirm
this theory. However several observations made of the
operation of the Mark II® and high-interaction’ generators
may be cited, though the caution of the preceding paragraph
must be observed. Large-scale (¢ ~ 0.3) voltage fluctua-
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tions with a characteristic frequency of a few KHz have
been observed in the output of the high-interaction generator
when it was terminated with a pure resistance. Such fluctua-
tions are in accord with the present theory. During a single,
minimally instrumented, experiment, an inductor, theo-
retically adequate to stabilize the generator, was connected
in series with the load. The observed output voltage fluctu-
ations increased by about a factor of two, but the order of
magnitude increase in impedance at these frequencies im-
plies that the fluctuation power decreased by a greater factor.
Fluctuations are also observed in the output of the theo-
retically stable Mark II generator with resistive load. These
fluctuations also have a period comparable to the gas flow
time in this longer channel, and they are of a somewhat
smaller relative amplitude than those observed in the re-
sistively loaded high-interaction generator.

One possible explanation of these observations is that there
is a source of fluctuations in these machines besides the in-
stability considered here. One might imagine unsteadiness
in the energy source or in the seeding process (though limited
attempts to isolate such effects in the Mark II were un-
successful). Such a source might be responsible for the ob-
served Mark II fluctuations and for the fluctuations ob-
served in the high-interaction machine with inductive load.
The reduction in fluctuation level in the latter machine
by the addition of the inductor could then be attributed to
the complete elimination of the type of disturbance discussed
in this paper.

Another speculation may be offered concerning the size of
the observed fluctuations. In the resistively terminated
high-interaction generator these corresponded to a 309 cur-
rent fluctuation. If this current fluctuation is attributed to
a disturbance of the type considered in this paper, relative
conductivity fluctuations of 30% and Hall parameter fluctua-
tions of 109 should oceur near the middle of the channel,
the fluctuation being much smaller near the channel entrance
but larger at the exit. Rosa has considered the effect of non-
uniformities in MHD generators and has concluded that non-
uniformities of the geometry considered here (a nonuniformity
in the stream direction in a Hall generator) causes a reduction
in the effective Hall parameter without influeneing the
effective conductivity.® Although the details of Rosa’s ealcula-
tions are not applicable to a channel with large steady gradi-
ents, an order-of-magnitude estimate based on his results
suggests that the 309, conductivity fluctuations deduced
above could cause a reduction of Hall parameter of the order
that was found necessary to describe the high-interaction
generators steady performance. Because of the lower fluctu-
ation level in the Mark IT and especially because of the lower
theoretical Hall parameter, no degradation in this parameter
would be expected in this machine, and none has been
observed.

Conclusions

It has been demonstrated that Hall MHD generators may
be unstable to magneto-acoustic waves. The dominant dis-
turbances contributing to the instability have a period com-
parable to the gas flow time in the channel. "It is suggested
that instabilities may ocecur when the fastest growing pure
waves exhibit a growth rate of order unity. This instability
is more likely to oceur in generators of high interaction or
high fractional energy extraction than low, and also increases
in probability with the sensitivity of the conductivity of the
plasma to enthalpy changes and with the plasma’s 7.
Although no parameter, or set of parameters, that deseribe the
dependance have been isolated, the equilibrium channel gradi-
ent distribution has an important effect on stability. An
extreme example of this last effect was noted in the high-
interaction generator, where the existance of even a very
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short section of channel with accelerator-like action was
decisive.

Finally, it may be pointed out that within the limitations
of the linearization and geometrical assumptions, the formal-
ism developed here is a general description of the time de-
pendent Hall generator flow, and hence, has potential applica-
tions beyond the assessment of stability. In particular,
the impedance function Zs(w) is the ratio of the change in
terminal voltage to the corresponding change in output
current, whatever the cause of these changes. Thus, this
function completely describes the electrical behavior of the
generator viewed as a linear, two-terminal black box; ie.,
it is sufficient to characterize the generator as a circuit ele-
ment within a larger network. One important application
of this deseription is the analysis of a generator-inverter
circuit to deliver a.c. power.
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